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Abstract

We discuss the early history of B-splines with an arbitrary knot sequence, and of their
recurrence relations. These seem to have first appeared in papers of Popoviciu and Chakalov
from the 1930s.
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B-splines have been the object of mathematical study well before they made their
appearance in Schoenberg’s fundamental paper [Sc46]. In particular, cardinal B-
splines, that is, B-splines for a uniform knot sequence, introduced in [Sc46] have a
long history, nicely detailed in [BSS88], and already Schoenberg [Sc46, p. 68] traces
them back to Laplace (presumably to [L20, pp. 165-169]).

B-splines for an arbitrary knot sequence also appear in the literature well before
their introduction in [C47,CS47] and study in [CS66]; a prominent example is [Fa40].
Even the recurrence relations can be found in papers published well before
[dB72,Co72] though it does take the power of hindsight to see this clearly, as we hope
to show in this note.
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1. Popoviciu’s B-spline recurrence relation

In his doctoral thesis [P33]=[P34a] and various follow-ups, Tiberiu Popoviciu'
is concerned with interpolation to given data

(xi7yi)7 Wlth x1<"'<xn,,
by (n + 1)-convex, or, more generally, (n + 1)-non-concave functions (which he calls

convex, respectively non-concave, of order n). The latter, by definition, are those
functions whose (n + 1)th divided difference

A(T(M '~a7n+l)f
(in W. Kahan’s literal notation) is non-negative for any choice of n 4 2 (distinct)
points 19, ..., T,+1 in its domain. Popoviciu ascribes the introduction of this notion to

Eberhard Hopf’s dissertation [Ho26], claiming for himself only the credit of having
considered domains more general than just an interval. To be sure, Popoviciu is also
the first to use a specific terminology (‘convex of order »’) for what Hopf merely
refers to as having all (n 4 1)th divided differences positive.

Neither Popoviciu’s thesis nor his later lectures [P37] make any mention of the
functions we now call B-splines, and the much later summarizing book [P44] only
mentions them in passing [P44, p. 21]. So, the following discussion is based entirely
on his paper [P34b] which he calls a completion of the work begun in his thesis.

In the main part of the paper, Popoviciu only considers divided differences at
distinct points. This permits him to define the divided difference by

U(t;f)
V()

A(Tﬂv ceey Tn+l)f =

with

V(1) = V(t0, ..., Tu1) =det(t/ 1 i,j=0,...,n+1)
the Vandermonde determinant, and

U(z:f)
the determinant of the matrix obtained from the above Vandermonde matrix by
replacing its last column by the vector (f(z;): i =0, ...,n+1).

This definition readily shows that A(zo, ..., 7,41)f is the leading coefficient in the

power form of the polynomial of degree <n+ 1 that agrees with f at the 7;, but
Popoviciu makes no use of that fact.

In [P34b, p. 89], and for i=1,...,m —n— 1, he introduces functions ¥; as
follows:

0 on (x1 .. x;),
(i+r)
¥, (x) = ;}(_1)’@ (x = Xi)" on (Xisk - Xipxs1), k=0,....n, (1)
0 on (Xippntl - Xm),

"http://www.mathesis.ro/capital/en/htm/pers/personalitati/popoviciu.htm
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with
(a .. b)

the open interval with end points @ and b, and with
Vi=V(Xiy ooy Xitns1)

and
Vi(k> = V(Xiy ooy Xkm1, Xh 1y vy Xient1)-

Now, directly from the above definition of the divided difference as a ratio of
determinants, we deduce that

n+l V(i+r) O
D (DS i) = (CD" A e X )
r=0 !

So, fortunate in having the truncated power notation at our disposal, and realizing

that (x — ) = (x — )" + (=1)""(- — x), we recognize (as Popoviciu eventually

may have, e.g., when writing [P44, p. 21]) that

Wi(x) =AXG, ooos Xigns1) (- — X), (2)
hence

(n+ 1)¥i = Mipi1,

the ith Curry—Schoenberg B-spline of order n + 1 for the knot sequence (x1, ..., X;),
normalized to integrate to 1, that is, W; = M(-|x;, ..., Xiyne1)/(n+ 1). Working
directly with his definition of the W¥;, and using nothing more than the well-known
explicit expression

V(X,', ) xj) = H (xv - x,u) (3)

ISpu<v<y
for the Vandermonde determinant, Popoviciu proves (see [P34b, p. 93]) the relation
(Xnte1 = X)W(x) = (x = ) (%) + (X1 — X) Pyt (%), (4)

where, as he says, the P,/ are defined just like the ‘P;, except that n is replaced by
n— 1. With that, we recognize in (4) the (for us) standard B-spline recurrence
relations. His proof of (4) (see [P34b, p. 91]) rests on nothing more than the ready
consequence (“‘qu’on vérifie facilement”) of (3) that

' (Xnr2 = 22) (X2 — x3) +++ (Xng2 — X1 ) (X — X1)
— V") (g — x1)(x3 = x1) -+ (n1 — X1) (ng2 — X) = VI (x = x)), (5)
with
V') = V(X1 ooy X1y Xetds ooy Xng1)
and

nr) .
vV ®) = V(x27 ey X1 Xrt 1 "'7xn+2)-
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To be sure, the last subscript in (5) should be r rather than 1 but, with that
correction, (5) can be verified and readily yields his Eq. (18):

k
S ()T (= x0)" = (e — x2) (Xarz — x3)-

=~

I Lysi(r n—1
(a2 = X)) (x = x1) > ( V'O (x - x,)
r=1

=~

+ (o = x1)(x3 = x1) - (X1 — X1) (Xpg2 — X) Z ) 2y ’) x,.)”’l,
r=2

which is (4) written out for the interval (x4 .. x¢11) and for i =1 in full detail.
Popoviciu uses the recurrence relation (4) to prove two things: (i) the strict positivity
of the ¥; on their support (see [P34b, pp. 90-91]), and (ii) the fact that, for
X1 <E<Xpi2,

n+1

Z (Xnrivr — X)) Wi(E) (X — xip1) - (X — Xign) = (X — f)n (6)

i1
(see [P34b, p. 93]), that is, what we now call Marsden’s identity because of [Ma70].
The positivity of the '¥; is of importance to Popoviciu since he has the following.

Theorem (Popoviciu [P34b, p. 94]). Assume that the data ((x;,y;): i =1, ...,m) are
non-concave of order n. Then these are the restriction to the x; of a function [ non-
concave of order n if and only if

Z A¥i=0 on (xi .. xXp)
J

implies that
Z ijA(xjv ---axj+n+1)f>0~
J

These conditions for extendability of such data to a non-concave function of order
n on the closed interval [x; .. x,,] he calls the convexity constraints of order n. The
theorem is now known to follow from general duality considerations. He is
interested in the strict positivity of the ¥; on their support since this permits him to
uniformly approximate non-concave functions of order n by functions that are
(strictly) convex of order n.

The Marsden identity (6), Popoviciu uses to conclude that any f defined on

(X1, X2, ..., Xn) and satisfying A(Xj, ..., Xjpnp1)f = ¥;(&) for all j and some & has an
extension of the form P + (- — &), with P the polynomial of degree <n that matches
f—=(- «f)i at xi, ..., X411, and this extension is evidently non-concave of order n.

(To be sure, Popoviciu actually considers various cases since he does not realize that
(see (2)) A(Xj, ..., Xjns1)(- — &)L = ¥j(&) for all j and that therefore f and (- — &)’}
differ on (x, ..., x,,) only by a polynomial of degree <n.) With this result in hand,
he proves the sufficiency part of his theorem by observing that the convexity
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constraints of order n demand that, whenever a hyperplane in R”"~! through the
origin leaves the entire curve [x| .. X, >R W(E) = (W(E) 1=
l,...,m—n—1) to one side, then also the vector (A(xj,...,Xjmi1)f :j=1,...,
m —n — 1) must lie on that same side. This puts the latter vector into the closed cone
spanned by that curve, hence writable as a non-negative combination of suitable
points W (&), k=1,...,m —n— 1, thus showing that such f is extendable to a
function, non-concave of order n, of the form

m—n—1

Pt > (- —&)h
pa

for some polynomial P of degree <mn, some non-negative p,, and some
Ere(xr .. xm).

Any such function (but with arbitrary u;), Popoviciu calls an elementary function
of degree n with m — n — 1 vertices. Of course, we now call such a function a spline of
order n + 1 with simple (interior) knots. Popoviciu takes it as obvious (see top of
[P34b, p. 90]) that any elementary function of degree n with vertices at the m points
X1, ..., Xy and vanishing outside the interval [x| .. x;,] can be written as }; 4;'¥;.

In [P34b, footnote on p. 91], Popoviciu claims that the recurrence relation
also provides immediately a proof of the fact that the ¥; are ‘very positive’
(“tres positif”’) in the sense that, for each k=, ...,j+n, the Bernstein form
S0 Ai(- — xx) (Xg1 — )" for the polynomial that agrees with ¥; on the interval
(xx .- xr+1) has all its coefficients positive. To be sure, this is not quite true for k = j
since then 4; = 0 for i<n, nor for k = j + n since then 4, = 0 for i>0.

In a lengthy last chapter, Popoviciu considers in complete detail the problem when
X| = =Xpp) =a<b=Xx,.2 =+ = Xou12, using the fact that, in this case,

n . .
¥ = ( _ )(b — )" —a) (b= a
. -

Finally, noteworthy from the spline point of view is the observation that, in [P34a,
p- 7], Popoviciu records (in less suggestive notation) the following almost immediate
consequence

(tn — to)A(to, .., tn)
= (tn _é)A(é7 Zl7 "'aln) + (é_to)A(lby “‘7%17176)7 all 67 (7)
of the divided difference recurrence and deduces from it by induction that, for any
increasing refinement ¢ of the increasing sequence 7,

A, oo 1) = 3 5(1.0)A(G). ..., 0,

J
with the «;(r,0) non-negative and summing to 1. To be sure, for n =1, this
observation can already be found in Cauchy’s work [Ca40]. Since
x—=>nA(to, ... ty) (- — x)':1 is the B-spline with knots #, ..., f, that integrates to 1,

we recognize, in hindsight, in (7) Boehm’s [B80] now standard formula for knot
insertion.
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2. Chakalov’s B-spline recurrence relation

In [C38a] (see [C36] for an earlier announcement of these results and [C38b] for an
extended summary in German), Liubomir Chakalov” discusses divided differences in
full generality, that is, permitting any kind of coincidence among the points. He
writes the general divided difference in terms of a strictly increasing sequence

(ao, ..., am) with a corresponding sequence v of natural numbers, the multiplicities,
and so considers
m
/1 "
N[f1=>" > A4.Df(a), (8)
r=0 0<i<v,

with D’ indicating A-fold differentiation and with the A4,; set so that, with ()j
denoting the function x+— x/,

NIO = 8 j= 0,1, n = (Z ) L o
Hence, assuming there exist such A4,; (their existence is proved below),
N[f] = A(TO, ey Tn)f‘ =: A(T)f

with

v, terms

the non-decreasing sequence that contains «, exactly v, times, all r.
Chakalov is interested in ‘minimal sets’. This notion, introduced by him in [C34],
concerns the possible values of ¢ in the well-known formula

A()f = D'f(&)/n! (10)

as f varies over a given class F. For this, he develops the integral representation
A = [ u)Df (x)ax.
Of course, in modern notation,

u(x) = M(x|t)/n! =A(x)(- — x)ffl/(n — D) = My,(x)/n!,

that is, u is the B-spline with knots 7 that integrates to 1/n!. Chakalov proves that u is
piecewise polynomial of degree n — 1 with breaks only at the 7;, and is zero outside
the interval (o..7,). He also proves that u is positive on that interval, and does this
by induction on n. For this, he proves (with the aid of the calculus of residues; see
below) that

D(u/(am —)""") = ur/(am — )", (11)
with uy = ng,,,]/(l’l — 1)'

2http://wwww.math.technion.ac.il/hat/chakalov.html
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In more current terms and with the differentiation on the product carried out and
recalling that a,, = t,, this reads

(I’Z - I)MOJI + (Tn - ')DMO,H = nMO.nfl-
Using the fact (whether or not known to Chakalov) that

Mo -1 — My -1
b

DMO.n =n
' Tn — T0

this implies that

Ty —
(l’l - I)MOJI n<M0,n—1 - (MO‘n—l - Ml,n—l))
Tn — 70
- o—_ T ‘C —_—
=”< 0 Moy, 1 +— Ml,n1>,
Tn — 70 Tn — T0

the well-known B-spline recurrence relation (4) in slightly different garb.
Chakalov obtains his recurrence relation (11) in the following manner. It is well-
known that

AD(E— )" =1/P@E) =1 / [Me-m=> > M”W

r=0 0<i<v,

with the double sum the partial fraction expansion of 1/P. On the other hand, the
double sum is also exactly what one obtains when applying (8) to the function
f =1/(z—"). Hence, the coefficients in (8) are uniquely determined by conditions
(9), that is, by the requirement that N be the divided difference on 7, and can be
computed via the partial fraction expansion of 1/P. This is Chakalov’s Theorem 1.

Chakalov makes the point that, for any polynomial £ its remainder on division by
P is the unique polynomial of degree < that matches f at t. From this, he derives
the standard formula for the divided differences of an arbitrary power.

On page 361, he applies his explicit expression for A(t) to the function

Yo / [x— ] p(t)dt

with ¢ an arbitrary continuous function on the interval [qy .. a,,] and
[y]°=y/s!

a convenient abbreviation for the normalized power function that would have saved
him some writing. This gives him

x) = Z Z Ay [ (ar - x)+]n7}ﬁl~
r=0 0<i<v,

From this, he obtains the piecewise polynomial character of u and, because of his
explicit formula (8), perhaps even the smoothness across breaks (though, offhand, he
does not comment on that).
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His major contribution occurs on p. 363 where he states the formula

1 n—1 dZ
_ _ 12
w) =55 [ 217505 (1)
which holds for a,_; <x<a; in case C; is any curve that excludes ay, ...,a,_; and
includes aj, ..., ay. (12) holds, as he points out, since ) ;. Al ar — x]}”f)ﬁl is

the residual at z = a, of the function z+— [z — x]"~'/P(z). Eq. (12) was rediscovered
and put to good use much later by Meinardus; see [Me74].

From (12), Chakalov then derives his recurrence relation (11) by differentiation.
To be sure, the expression of a divided difference, at an arbitrary sequence of points
including possible coincidences, as a contour integral occurs already in [Fr71]
(though it takes hindsight to notice this since there is no mention of polynomial
interpolation, let alone divided differences), and before Hermite’s introduction, in
[He78], of what we now call Hermite interpolation and whose analysis there is firmly
based on the use of the calculus of residues. Further facts concerning the history of
this approach to divided differences can be found in [N24, p. 199f]. A fair exposition
and discussion, in English, of Chakalov’s results can be found in [BHS93, pp. 6-8,
18, 39-41, 43-44], and in [B96, pp. 22-26].

Finally, noteworthy from the spline point of view is the fact that, in the last part of
[C38a], Chakalov derives what we now would call the Peano kernel of the error in
quadrature, in particular Gauss quadrature, showing it to be what we now would
call a monospline, and showing its positivity.

Acknowledgment

The authors are very grateful to B. Bojanov for bringing [C38a,C38b] to their
attention and even providing a copy of it, and for helpful comments on a draft of this
note.

References

[B80] W. Boehm, Inserting new knots into B-spline curves, Comput. Aided Des. 12 (4) (1980)
199-201.

[B96] B. Bojanov, Total positivity of the spline kernel and its applications, in: M. Gasca, C.A.
Micchelli (Eds.), Total Positivity and its Applications, Kluwer Academic, Dordrecht, 1996,
pp. 3-34.

[BHS93] B.D. Bojanov, H.A. Hakopian, A.A. Sahakian, Spline Functions and Multivariate Interpola-
tions, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1993.

[dB72]  C. de Boor, On calculating with B-splines, J. Approx. Theory 6 (1972) 50-62.

[BSS88] P.L. Butzer, M. Schmidt, E.L. Stark, Observations on the history of central B-splines, Arch.
Hist. Exact Sci. 39 (1988) 137-156.

[Cad40]  A. Cauchy, Sur les fonctions interpolaires, C. R. Acad. Sci. Paris 11 (1840) 775-789.

[C34] L. Tchakaloff, Sur la structure des ensembles linéaires définis par une certaine propriété
minimale, Acta Math. 63 (1934) 77-97.



[C36]

[C38a]

[C38b]
[Co72]
[C47]

[CS47]
[CS66]

[Fa40]
[Fr71]

[He78]
[Ho26]
[L20]
[Ma70]
[Me74]
[N24]

[P33]

[P34a]

[P34b]

[P37]

[P44]
[Sc46]

C. de Boor, A. Pinkus | Journal of Approximation Theory 124 (2003) 115-123 123

L. Tchakaloff, Uber eine Darstellung des Newtonschen Differenzenquotienten und ihre
Anwendungen, Internat. Congr. Math. Oslo 2 (1936) 98-99.

L. Chakalov, On a certain presentation of the Newton divided differences in interpolation
theory and its applications, Annuaire Univ. Sofia, Fiz. Mat. Fakultet 34 (1938) 353-394 (in
Bulgarian).

L. Tschakaloff, Eine Integraldarstellung des Newtonschen Differenzenquotienten und ihre
Anwendungen, Annuaire Univ. Sofia, Fiz. Mat. Fakultet 34 (1938) 395-405.

M.G. Cox, The numerical evaluation of B-splines, J. Inst. Math. Appl. 10 (1972) 134-149.
H.B. Curry, Review, Math. Tables Aids Comput. 2 (1947) 167-169, 211-213.

H.B. Curry, 1.J. Schoenberg, On spline distributions and their limits: the Polya distribution
functions, Bull. Amer. Math. Soc. 53 (1947) 1114.

H.B. Curry, 1.J. Schoenberg, On Polya frequency functions IV: the fundamental spline
functions and their limits, J. Anal. Math. 17 (1966) 71-107.

J. Favard, Sur l'interpolation, J. Math. Pures Appl. 19 (1940) 281-306.

G. Frobenius, Uber die Entwicklung analytischer Functionen in Reihen, die nach gegebenen
Functionen fortschreiten, J. Reine Angew. Math. 73 (1871) 1-30.

Ch. Hermite, Formule d’interpolation de Lagrange, J. Reine Angew. Math. 84 (1878) 70-79.
E. Hopf, Uber die Zusammenhiinge zwischen gewissen hoheren Differenzenquotienten reeller
Funktionen einer reellen Variablen und deren Differenzierbarkeitseigenschaften, Dissertation,
Universitdt Berlin, 1926, 30pp.

P.S. de Laplace, Théorie analytique des probabilités, 3rd Edition, Courcier, Paris, 1820.

M.J. Marsden, An identity for spline functions with applications to variation-diminishing spline
approximation, J. Approx. Theory 3 (1970) 7-49.

G. Meinardus, Bemerkungen zur Theorie der B-Splines, in: K. Béhmer, G. Meinardus, W.
Schempp (Eds.), Spline-Funktionen, Bibliographisches Institut, Mannheim, 1974, pp. 165-175.
N.E. Norlund, Vorlesungen iiber Differenzenrechnung, Grundlehren, Vol. XIII, Springer,
Berlin, 1924.

T. Popoviciu, Sur quelques propriétés des fonctions d’une ou de deux variables réelles,
Dissertation, presented to the Faculte des Sciences de Paris, Institutul de Arte Grafice
“Ardealul”, Cluj, Romania, 1933.

T. Popoviciu, Sur quelques propriétés des fonctions d’une ou de deux variables réelles,
Mathematica 8 (1934) 1-85.

T. Popoviciu, Sur le prolongement des fonctions convexes d’ordre superieur, Bull. Math. Soc.
Roumaine des Sc. 36 (1934) 75-108.

T. Popoviciu, Despre cea mai buna approximatie a functiilor continue prin polinoame (cinci
lectii tinute la facultatea de stiinte din Cluj in anul solar 1933-34), Institutul de Arte Grafice
“Ardealul”, Cluj, Romania, 1937.

T. Popoviciu, Les Fonctions Convexes, Hermann & C¥, Paris, France, 1944.

1.J. Schoenberg, Contributions to the problem of approximation of equidistant data by analytic
functions, Part A: on the problem of smoothing or graduation, a first class of analytic
approximation formulas, Quart. Appl. Math. 4 (1946) 45-99.



	The B-spline recurrence relations of Chakalov and of Popoviciu
	Popoviciu’s B-spline recurrence relation
	Popoviciu [P34b, p. 94]
	Chakalov’s B-spline recurrence relation
	Acknowledgements
	References


